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ON THE STRUCTURE OF A QUOTIENT OF THE GLOBAL WEYL 
MODULE FOR THE MAP SUPERALGEBRA s[(2,1) 

IRFAN BAGCI AND SAMUEL CHAMBERLIN 


Abstract. Let A be a commutative, associative algebra with unity over C. Using the 
definition of global Weyl modules for the map superalgebras given by Calixto, Lemay, and 
Savage, [3], we explicitly describe the structure of certain quotients of the global Weyl 
modules for the map superalgebra s[(2,1) ® A. We also give a nice basis for these modules. 
This work is an extension of Theorem 3 in [§] and can naturally be extended to similar 
quotients of the global Weyl modules for si{n, m) (g) A. 


1. Introduction 

Global Weyl modules for the loop algebras, g ® C[LU^], of a finite-dimensional simple 
complex Lie algebra, g, were introduced by Chari and Pressley in [7]. These modules are 
indexed by the dominant integral weights of g, and can also be defined as projective objects 
in the category of those g 0 C[t, t“^]-modules whose weights are bounded by some fixed 
dominant integral weight of g. There are several approaches to generalizing the above 
objects. In [9] global Weyl modules were defined in the setting where C[t, is replaced 
by the coordinate ring of a complex affine variety. A more general approach was taken in 
[6]. There the modules for the map algebras, g Gi A, where A is a commutative, associative 
complex unital algebra, were studied. 

Simple finite dimensional modules for s[(m, n) ® A were classified by Eswara Rao in the 
multiloop case in [8] . These modules were classified for g ( 8 ) A by Savage in m- The Weyl 
modules for for g C A were defined by Calixto, Lemay, and Savage in [3]. In mm the 
authors defined integral forms and gave integral bases for the universal enveloping algebras 
of g (8) A. The aim of this paper is to use tools developed in these papers to illuminate the 
structure of a quotient of the global Weyl module for the map superalgebra s/(2,1) 0 A. 

This paper is organized as follows: In Section 2 we fix some notation and record the 
properties we are going to need in the rest of the paper. Then in Section 3 we state the 
main result of the paper. In Section 4 we prove the main result of the paper. 

2. Preliminaries 

2.1. For the remainder of this work fix g := A(1,0) = sl(2,l). Recall that g = s[(2,1) 
consists of 3 X 3 block matrices of the form 


a 

h 

c 

d 

e 

f 

9 

h 

a + e 


where a, b, c, d, e, /, g, h, G C. 


1 
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Given a matrix [ajj] define Sk ([ajj]) := — Ofc+i,fc+i- Define ai := ei — and 

OL2 '■= £2 — <^1, where ( 5 i := £3. Fix the distinguished simple root system A ;= {01,02}- 
Then Rq := {ai} and Rf := {02, (ai +02)}- Fix the following Chevalley basis for s[(2,1): 
hi := ha^ = 61^1—62,2 and, /i2 := /loj = 62,2+63,3- For the root vectors take xi := Xai = 61,2, 
X —I . X —62,1, X 2 • ^a2 62,3? ^—2 • ^— 0:2 63,2? and X3 . 61,3, 

X-3 := x_(q,j_|_„ 2) = 63,1. Define /13 := hi + /12 and note that [x3,x_3] = h^. 

We have the following table for the bracket in g. 



Xl 

X2 

X3 

hi 

h2 

X-I 

3^-2 

3^-3 

Xl 

0 

X3 

0 

—2xi 

Xl 

hi 

0 

-a;-2 

X2 

-X 3 

0 

0 

X2 

0 

0 

h2 

X i 

X3 

0 

0 

0 

-X3 

3^3 

-X2 

Xl 

h3 

hi 

2xi 

-X2 

a;3 

0 

0 

—2x i 

X-2 

-X-3 

h2 

-Xl 

0 

- 3:3 

0 

0 

x l 

0 

X-3 

X-i 

-hi 

0 

3^2 

2x i 

-X l 

0 

-X-3 

0 

X-2 

0 

h2 

Xl 

-a:-2 

0 

3:-3 

0 

0 

X-3 

X-2 

X-i 

^3 

3;-3 

-X-3 

0 

0 

0 


Define nilpotent sub-superalgebras := Cx±i 0 Cx ±2 0 Cx ±3 and note that g = n~ 0 
f} 0n+. Note = (n^)o 0 where (n^)o = span{x±i} and (n^)i = span{x± 2 , a:± 3 }. 

Note that {x-i,hi,xi} is an s[ 2 -triple. 

2.2. Fix a commutative associative unitary algebra A over C. B will denote a fixed C~basis 
of A. The map superalgebra of g is the Z 2 -graded vector space g0j4, where (g074)o := go0^ 
and (g 0 A)i := gi 0 A, with bracket given by linearly extending the bracket 

[z ® a,z' ® b] := [z, z']^ 0 ab, z, z' e g, a,b ^ A, 

where [,]g denotes the super commutator bracket in g, see also (HD]. g is embedded in 
g 0 A as g 0 1. Let U(g 0 vl) denote the universal enveloping algebra of g 0 A. Given 
tt G U(g 0 and r G Z>o define 

„(') := L and (+ := ~ ~. 

r! \r) r! 

Given any Lie superalgebra a define T^{a) := C, and for all j > 1, define T^{a) := , 

•= 0^00i=o^*^(‘^)- Then set Uj(a) to be the image of Tj{a) 
under the canonical surjection r(a) ^ U(a). For any u G U(a) define the degree of u by 

degu := min{n G Uj(a)} 

j 

2.3. Multisets and p{(pi,ip 2 ,f)- Given any set S define a multiset of elements of S to be 

a multiplicity function y : S' —>■ Z>o. Define iF{S) := {y : S' —>■ Z>o : |suppx| < 00 }. 
For X G J'(S') define |x| := XlseS x(s). Notice that R{S) is an abelian monoid under 
function addition. Define a partial order on iF{S) so that for fi,x ^ •T(S'), fi < x 
fi’is) < x(s) for all s & S. Define RkiS) '■= {x G T'(S') : |x| = k} and given x £ ^"(5) 
define iFls){x) := [fj G R{S) : < x} and RkiS)ix) ■= {V’ e T'(S')(x) : Ifil = k}. In the 

case S = A the S will be omitted from the notation. So that R := R{A), Rk '■= Rk{A), 
T'(x) := T'0)(x) and Rkix) ■= ^k{A)(x)- 
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If '0 G J^ix) define x “ 0 by standard function subtraction. 
■K ■. T — {0} A hy 

7r(0) ;= ll 
aeA 

and extend tt to be setting 7r(0) = 1. Define M. : F ^ "Lhy 


M(0) := 


| 0 |! 


naGAV’(a)! 


Also define functions 


For all 0 G AI(0) G Z because if supp0 = {oi ,... ,ak} then AI(0) is the multinomial 
coefficient 

( IV^I \ 

V0(ai),...,0(afc)y 

For s G S define to be the characteristic function of the set {s}. Then for all x & 


X = '^x{s)Xs 

s£S 

Define = { 0 } and for n G Z>o view A^ as the set of functions { 1 ,... ,n} ^ A. Also 

given ^ G A” and j G ,n} define = (^( 1 ),... , C(j - 1 ), CO' + 1 ), • • ■ ,n) ^ 

(if n = 1 then C — C(j) = 0) and |C|=b. 

Given i G {1, 2 , 3}, j G { 2 , 3} and S G A define X±i : F{S) -G- U(g(8)A) and Hi : F{S) — 
U(g (g) A), and X±j : A"" —> U(g (g A) by A±i(0) := 1, Fli(O) := 1, X±j(0) := 1, and for 
X, G F{S) — {0} and n > 0, 

-A±i(x) := n (a^±i 

aGsupp X 


6€supp (f 


X±j{i) ■■= {x±j®i{k)) 

k=l 


Recursively define functions pi,qi : ^ U(x_i g) A)U(/ii g A) and p : F^ x A” —> 

U(x_i g A)U(/ii g A)A(x _3 g A) by 


1, ip = x = 0 

-l^Ev.eJ-(x)-{o}-^(O)(/ii®7r(0))pi(O,x-0), X^O, V? = 0 

-O Edesuppv^ -Ad(0) {x-i g d7r(0)) Pi{(p - Xd,X - 4^) 7 ^ 0 

V’6J-(x) 


qi{v>x) ■ 

and p{(pi,(p2,0 ■= 


0 , 

1 , 

= ' T^Ecesuppx(/iigc(i)gi((^-Xd,T-Xc), 

^ d€supp(/3 
Pl{p2,q^l)X-3{C). 


1^1 < Ixl 

p = X = 0 

Ixl = 1^1 > 0 
1^1 > Ixl 


Proposition 2.3.1. Let S' C A, X; 0; 0 ^ with |0| > |0| > 0, i,j,k,n,r G Z>o 

with r > Ixl > 0; ^ < x(l); o-nd C G A”. Then 
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(1) (x) ^-1 (^-Xi) - {{r - IxDxi, x) e U{g (g) A){xi (g) A), 

(2) e ([/(g (g> ^)(xi (g) yl) + ?7|0|_|^|(x_i (g) A) (g> 

(4) gi(FXi,x) = 

(5) qi{^ + rxi,x)- 


( 6 ) 

( 7 ) 


min{r,r-|x| + |¥’|-</’(l)} 

e X] (X_i)(*)i7|<^|+^_^_|^|(X_1 (g) A)J7|^|(/il (g)^) 

«=»’-|xl+i 


Pi(0,x) = 



-^Pi{(t>X-kxi) 

')x_3(0=^-3(0 


I'/ii - |(/)| - 1x1+^^ 


Proof. (1) and (2) follow from [5l Lemma 5.4]. (3) can be proved by induction first on |x| 
with 4> = 0 and then on |(/>|. (4) can be proved in the case r = jxj by induction on r. Then 
the case r > |x| follows. (5) can be proved using (4). (6) can be proved by induction on k. 
(7) can be shown first by induction on n with j = 1 and then by induction on j. n 


Remark 2.3.2. Note that ProDosition l2.3.T] f3i implies that pi (<^, x) G U|<^|(x_i074)U|^|(/ii(g) 
A) and piipi,(p2,0 G U|^ 2 |(x_i 0 ^)U|^j|(/ii 0 ^)A|^|(x _3 0 A). 


3. Main Theorem 

In this section, we define the global Weyl module for map superalgebra sl(2,1) 0 A as in 

12 ]. 

3.1. Recall that we have fixed a triangular decomposition g = n“ © f) 0 n’*’, 

where := Cx±i © Cx ±2 © Cx ±3 , = (n^)o © , (ti^)o = span{x±i} and 

(n=^)i = span{x±2,a;±3}, ^ = span{/ii,/ 12 }, fi3 = hi + /i 2 . 

Definition 3.1.1. Define the global Weyl-module with highest weight A, IT] 4 (A), to be the 
g 0 A-module generated by a vector w\ with defining relations 

(n’*' 0 A)wx = 0, hwx = X{h)wx, {x-i)^^^^'^~^^wx = 0 

for all /i G f). 

In other words Wa{X) is the quotient of t/(g0 A) by the ideal J, where J is generated by 

xGn^, /iGf), a ^ A 

The quotient of the Weyl module ITa(A) we will study in this work, ILa(A) has the additional 
relation X_ 2 {f,)wx = 0 where ^ G 


|x0a, h-X{h), 
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So that Wa{^) is the g (8) ^-module generated by a vector w\ with defining relations 
(n+ 8 A)w\ = 0, hwx = X{h)w\, = 0, X- 2 {C)wx = 0 

for all /i G 1) and ^ G y^Ah 2 +i_ 

Define ujk G f}* by iOk{hi) := 6k,i for all z,/c G {1,2}. Note that {uji,uj 2 ] is a basis for [)*. 
The main resnlt of this work is Theorem l,'1.2.1l in this section. 

3.2. Define V = to be the natural module for g, and write the basis as vi, V 2 ■= X-iVi, 
and V 3 := X- 3 V 1 . Then D 8 ^isag 82 l module under the action (z i^a){wi^b) = zw 8 ab. 
Note that V = Vq®Vi where Vq = Cz;i©Cz ;2 and Vi = Cv^. So V<^A = (Vo 8 ^)©(Vi 8 ^). 
Following m, we define an action of the symmetric group, Sm, on T^{V 8 A) as 
follows. Given a G Sm define Inv((T) := {{j,k) \ j < k, a{j) > cr{k)}. Then given 
w = {wi, ..., Wm) € T^{V 8 A) such that wi,. ■ ■, Wm are homogeneous in D 8 vl, define 
'l{w,a) G {±1} by 




(i,fc)elnv((T) 

Then Sm acts on T™(D 8 A) by linearly extending the map 


a 8 • • • 8 Wm) = l{w, 8 • • • 8 rCo-(m) 


Define a subspace S^{V 8 C T'^{V 8 A) to be the C-span of the set 



Given u £V ® A define ■.= u®u® ■■■ ®u and := \u®u®---®u. 


m 


m 


Note that, for all m G Z>o, T™'(U(g 8 ^)) has a braided algebra structure with factors 
of odd degree skew-commuting. Define the coproduct 


A™ : U(g 8 A) ^ (U(g 8 A)) 


by extending the map g 8 ^ ^ 'j'm+i (u(g 8 ^)) given by 


m 



i=o 


to a superalgebra homomorphism. In particular for u,w G U(g 8 with 



A^{uw) = ^(—8 U 2 W 2 


Define 


p : r'"(U(g 8 A)) -A End T^{V ® A) 
to be the module action given by 
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Then T'^{V ( 8 ) ^4) is a left U(g 0 A)-module via the map p o Moreover S'^{V 0 A) 

is a submodule under this action. Thus S^{V (S' is a left U(g ® 74 )-module under this 
action. 

Define v := (ui)®™ G S^{V The goal of this work is to prove the following Theorem. 

Theorem 3.2.1. The assignment Wmuj-^ i—>■ v extends to an isomorphism $ : WA{muji) — 
S^{V 0 A) of U{g ( 8 ) A)-modules. Moreover the set 

B := {p{ipi,ip 2 ,i)wmuji I € ^{B), f € S”, \ipi\ + \ip 2 \ + n = m] 

is a C-basis for kIAi(ma;i). 


4. Proof of Main Theorem 

4.1. A Useful Basis of S"^{V ( 8 > A). In order to show that the map in Theorem 13.2.11 
is onto S^{V ( 8 ) A) we need the following technical lemma, which gives a nice basis for 
S^iV^A). 

Let {(pi,(p2,0 € X A^ be given. Then given a G define u'^(vpi, (/? 2 ,0 G 

T\^d + \v>2\+n(y ^ l^y 

'■= cr~^ { (ui ( 8 i ( 8 ) (t '2 ® <81 ('ys ® C(j)) | 

yagsuppi/Ji bGsupp(p2 i=l / 

Note that the definition of v^{ipi, P 2 ,(.) depends on orderings of supp pi and supp ip 2 - Define 
v{tuT2,0 ■■= E G A) 

cG5|^l|_|_|,p2l+n 

Note that the definition of v{(pi,p2,f,) does not depend on any orderings of supp(/?i and 
supp (p 2 - 


Lemma 4.1.1. 

B := ^v{pi,p 2 ,^) V^i,<y72 G J'(B), ^ G B", \pi\ + \ip 2 \ + n = m'^ 

is a basis for S^{V (8) A). 

Proof. It is clear that B spans S^iV (8 A). is linearly independent because the set 
{{vji <8 61 ) (8 • • • ® (Um *8 bm) I Ji) • • • ) jm G {1, 2, 3}, b\ , . . . , b^ri GB} 
is a basis for T^{V 8 A) and hence is linearly independent. n 

4.2. In this subsection we will study the action of p{Ti,T 2 -,f,) on uand in the process we 
will demonstrate that <I> is onto S^{V 8 A). In order to understand this module action we 
need to study the action of on pi{ip,'ip). 

Given T and A; G N define 




= X 


compfc(x) 


f>-.{\,...,k)^T{x) 
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Lemma 4.2.1. Let (p,x^ ^ o,nd A; € N 6 e given. Then 

eecompj. (ip) 

V'Gcompj.(x) 

Proof. A complete proof of the formula for pi(ip,x) is given in Proposition 36 in [1]. The 
case A: = 1 is trivial. The idea is to prove the case k = 2 hrst by setting ip = 0 and inducting 
on 1x1 and then to induct on \(p\ + |x|. The case > 2 is then proved by induction on k 
using the identity (g) A^) o A^“^ and the k = 2 case. n 

Lemma 4.2.2. For all a ^ A and ip^fj ^ F with \ip\ + |i/^| > 1 

pi{ip,if){vi® a) = 0 

Proof. Since each term of pi{(p,'ijj) has x_i appearing \ip\ times, ® a) = 0 if 

\ip\ > 2. If \'if \ > 2 it can be shown by induction on |'0| that pi(0, V')(pi < 8 ) a) = 0. We can 
verify by direct calculation that pi{ip,'if){vi 8 ) o) = 0 if |.^| = |i/i| = 1. n 

Lemma 4.2.3. Let ip,x^ ^ be given and k := \ip\ + |x| then 


Proof. 




( 


\ 



pi{e{l),'if{l)) ®---®pi{9{k),'if{k)) 


0Gcompfc(vp) 

\V’Gcompfc(x) / 




0gcompj,(vp) 

becompj,(x) 


by Lemma 14.2.11 


Lemma 14.2.21 implies that the only non-zero terms in the previous sum will have |0(j)| + 
\if{j)\ < 1 for all j. pi{Xa, 0 ){vi) = -(u 2 8 )a) and pi( 0 , X 6 )(i^i) = -(^’i 8 b). -(u 2 8 a) and 
— (ui 8 b) where a G supp(^ and b G suppx are the exact factors in definition of v{ip, x, 0) 
and they occur every possible position. □ 


Proposition 4.2.4. For all {ipi,ip 2 ,f,) G x A" with \ipi \ + \ip 2 \ + n = m 


p{Ti,T 2 , 0 v = 


Proof. Let k = \ipi \ + \ip 2 \- Then 


p{TuT 2 ,f,) = pi{ip 2 ,<Pi)X-:i{f)v = Pi{ip 2 , Ti)v{{m - n)xi, 0,0 
Because X- 1 V 3 = 0 and hiv^ = 0, Lemma [4.2.31 implies that pi{(p 2 ,ipi)v{{m — n)xi)0,0 = 
{-l)'^v{ipi,ip2,f). n 


Dehne 

C := span [p{ipi,ip 2 ,i)wmui | G f, G B”, |vpi| + \ip 2 \ Fn = m] 

and note that <h(C') = B. 
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Lemma 4.2.5. For all and ^ € -B”, with |yji | +1(/? 2 1< m P 2 ,€)'^muix 

C. 


Proof. Define k := |<y9i| + \ip 2 \ + n < m. Then 

p{pi + {m-k)xi,P2,f,)WmuJi = Pl{P2,Pl + {m-k)xi)X_‘i{f,)WmuJi 

(ipi {l)+m-k\ ^*1 (v^2, ) ( 

I m-k ) ^ 

by Proposition I2.3.ir 6i 


m — k 


X-3i0m 


mui 


(- 1 ) 


m—k 


Pl{P2,Pl)X-3{f) 


/ipi[l)+nn-k\ 

\ m—k / 

by Proposition I2.3.ir 7i 

j'_ -^'jm—k 

P{Pl,P2,f,)w. 


hi — k 

j I 

m — k ; 


/(pi{l)^m-k\ 
V m—k ) 


muji 


Therefore = (-1)™ ’^)p{pi + {m - k)xi,P 2 ,i)wmu^ € C. 

Lemma 4.2.6. 


C= Ur{X-i ® A)Um-r-s{hl ® A)As{X-3 ® A)w. 

r+s =0 


muJi 


Proof. Proposition 12.3.1^ 3) implies that for all ^ and ^ G with |v^i| + |v:^ 2 | + ^ = 

m 

m 

Pi}Pl^ P2^ ff)Wmu]i € ^ ^ Ur(3^—1 ® 0 ^)A5(x_3 0 

r+s=0 

This implies that C is a subset of the sum. 

To show that the sum is a subset of C, we will use induction on A: := n+\'ifi | + |V’ 2 1 to prove 
the claim that any element of the form X-i{'il)i)Hi{if 2 )X- 3 {f)wmuji: where ipi,if 2 G 
f € B”, and k < m is in C. Since for all a G A, 

piXa,O,0)Wnuji = -{hl®a)WmuJi 
p(O,Xa, 0 )f«ma;i = -{X-i ® a)Wynuj^ 

p( 0 , 0 , {a))Wmuji = -{X-3 ® a)Wynuj^ 

we see that this claim is true for A: = 1 by Lemma 14.2.51 


where u G Ur(x_i (D A)Us(/ii (D A)A„(x _3 (8) A) for r + s + n < fc, by Proposition 12.3.10 1. 
By the induction hypothesis uwmoji £ C. p{'ipi,ip 2 ,f,)'Wmuji G C by Lemma [4.2.51 Therefore 
X_i{i;2)Hi{f;i)X_3if) G (7. □ 


Lemma 4.2.7. Let </?, x G T” and ^ G A'^ with \(p\ + n = m + 1. Then 

Ql{T:X)X-3{f)WmuJi € C 
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Proof. If Ixl > \p\ the claim is trivially true. If |x| < \ip\ by Proposition 12.3.Il 2l 

(^Xi{x)X_i{(p) - X_3{f,)Wmuji 

€ (U(0 (g> yl)U(xi Ig) ^) + U|^|_|^|(x_i ® 74)U|^|_i(/ii (g> A)) An(x_3 (g) A)Wmuii 

By weight considerations Xi{x)X-i{ip)X- 3 {f,)wmuj^ =0. U (0 (g A)U(xi g) A)A„(x _3 g) 
A)wmuji — 0 because [xi,x_ 3 ]uimaji = —X- 2 Wmoj.^ = 0 and x _2 and x _3 commute. So 

ql{^p,x)X-3{f,)wmuJl G U|^|_|^|(x_i g A)U|^|_i(/ii g A)A„(x_ 3 g 

Hence qi{ip, x)X- 3 {f,)wmoji G C* by LemmalMSl □ 

Lemma 4.2.8. Let j,l,n ^ with n + j + I < m + 1. Then 

(x_i)(-+l-i-;-n) ^ ^ A)K{X-3 g A)Wmu, C C 

Proof. By Lemma 14.2.61 it suffices to show that for all ip & Xj, x ^ Xi and ^ € A” 

This will be proved by induction on j. In the case j = 0 we have by Proposition 12.3.iT 4i 
and Lemma 14.2.71 

(x_i)(™+^“^"’^)iLi(x)X_3(^)u;m^, = gi((m +1 - n)xi,x)-A_3(0^mc^i G C 
For the induction step we have by Proposition 12.3.11 51 and Lemma 14.2.71 

= qi{p + {m + l- j - n)xi,x)X-3(,C)wmLJi + u 

where 

UG ^ ® A)\Ji{hi g A)X_3{f^)Wmoj^ 

qi{p + {m + 1 — j — n)xi,x)X- 3 {f,)wmuji G C by Lemma [4.2.71 and u € C by the induction 
hypothesis. Therefore X-i{p)Hi{x)X- 3 {f^)wmuji G C. n 

Lemma 4.2.9. Let k G Z>o and ^ G with k + n > m. Then Uk{hi g A)A„(x _3 g 
A)Wmuii ^ 

Proof. The proof proceeds by induction on k using Proposition 12.3.iT ll and (3). If A: = 0 
then X- 3 {f^)wmuji = 0 G C. Let x G Then 

0 = Xi(x)^-i(/i;xi)-A_ 3 (^)uimi.Ji by weight considerations 
= {-l)^pi{0,x)X-3{f,)wmuji by Proposition EATj^l) 

= Hi{x)X- 3 {f.)wmuij^ + u by Proposition [T3JJ^3) 


where u G Ufc_i(/ii g A)A„(x_3 g A)wmu>i <G C by the induction hypothesis. 


n 
























10 


IRFAN BAGCI AND SAMUEL CHAMBERLIN 


4.3. Proof of Theorem AS. 2.1\. The relations (n^ ® A)v = 0, and hv = {m,0){h)v hold for 
all h € [). Also it can be easily shown that = 0, for all i G {1,2}. Thus the map 

in the statement of Theorem 13. 2. II gives a well-defined surjection WAimoJi) —?■ U(g(8) A)u. 
Let € B he given. Then, by Proposition 14.2.41 

Therefore 4> is onto S^(y (8> A). To show that the map is injective we will show that a 
spanning set is sent to a basis. Lemma [4. 1.1 1 showed that B is a, basis for S^{V (8) A). Thus 
it will suffice to show that the set 

{p{pi,P2,0wmcui I P 1 ,P 2 e J'(B), C € B", |g?i| -h \(P 2 \ + u = m} 

spans WAimuJi) (i.e. C = WAi^noJi)). 

By the Poincare-Birkhoff-Witt Theorem for Lie superalgebras 

U(g (g) A) = U(x_i (g) A)U(hi 0 A)A(x _3 0 A)A(x _2 0 A)U(/i 2 0 A)U(n''' 0 A) 

as vector spaces. Therefore 

WA{mUJi) = U(x_i 0 A)U(/li 0 A)A(x_3 0 A)Wjnu:^, 

because x _2 0 a, /12 0 a and 0 A act by zero on Wmu)^ ■ For injectivity it suffices to show 
that 


U(x_i 0 A)U(/li 0 A)A(x _3 0 AjlCmwi ^ 

In fact, by weight considerations, it suffices to show that for all j, k,n € Z>o with 
j + n < m, 


Uj{X-i 0 A)Ufc(/li 0 A)A„(x_3 0 A)WmuJi C C. 

The case j + k + n < m follows from Lemma 14.2.61 The case j + k + n > m follows by 
induction on j. The j = 0 case follows from Lemma 14.2.91 The j + 1 case follows from 
Lemma 14.2.81 

Thus C spans WAimuJi) and hence the map in the theorem is injective and therefore is 
an isomorphism of left U(g 0 A)-modules. 

□ 
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